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1. Introduction
The purpose of this talk is to review recent theoretical [1] work on the
multiplicity dependence of yields of strange hadrons at LHC energies as
measured by the ALICE collaboration [2]. The motivation for focussing on
the multiplicity dependence is that one gains new insights into the validity
of the hadron resonance gas model (HRG), often also referrred to as thermal
model.
The use of the HRG has been very successful in the analysis of hadronic
yields, see e.g. [3, 4]. The identifying feature of the HRG is that all known
hadronic resonances listed in the review of particle physics [5] are assumed
to be in thermal and chemical equilibrium. This assumption drastically
reduces the number of free parameters as this stage is determined by just a
few thermodynamic variables namely, the chemical freeze-out temperature
Tch, the various chemical potentials µ determined by the conserved quantum
numbers and by the volume V of the system. It has been shown that this
description is also the correct one [6–8] for a scaling expansion [9]. After
integration over pT these authors have shown that:
dNi/dy
dNj/dy
=
N0i
N0j
(1)
where N0i (N
0
j )is the particle yield of hadron i (j) as calculated in a fireball
at rest, while dNi/dy is the yield of hadron i on the rapidity plateau. Hence,
in the Bjorken model with longitudinal scaling and radial expansion the
effects of hydrodynamic flow cancel out in ratios.
The yields produced in heavy-ion collisions have been the subject of
intense discussions over the past few years and several proposals have been
made in view of the fact that the number of pions is underestimated while
the number of protons is overestimated. Several proposals to improve on
this have been made recently:
• incomplete hadron spectrum [10],
• chemical non-equilibrium at freeze-out [11–13],
• modification of hadron abundances in the hadronic phase [14–16],
• separate freeze-out for strange and non-strange hadrons [17–19],
• excluded volume interactions [20],
• energy dependent Breit-Wigner widths [21],
• use the phase shift analysis to take into account repulsive and attrac-
tive interactions [4, 22],
• use the K-matrix formalism to take interactions into account [23].
These proposals improve the agreement with the observed yields and fur-
thermore, some of them change the chemical freeze-out temperature, Tch in
only a minimal way like those presented recently in [4, 21].
In the present analysis we kept the basic structure of the HRG as de-
termined in central Pb-Pb collisions with a single chemical freeze-out tem-
perature, Tch ≈ 156.5 MeV, γs = 1 and all chemical potentials set to zero.
The observed deviations at low multiplicities will be ascribed to imposing
strangeness conservation via the canonical ensemble as explained in detail
below. The deviations seen in the yields of protons and Λ’s have been cor-
rected by including interactions via the S-matrix formalism [24]. These lead
to a 25% reduction in the proton yield and a 23% enhancement of the Λ
yield [1].
2. Taking into account interactions using phase shifts
The change in the particle yield due to interactions is taken into ac-
count using the function B(M), which is calculated from the phase shifts
as follows: phase shift as follows [25]:
B(M) = 2
d
dM
δ(M), (2)
where δ(M) is given by the phase shift analysis. For a well-defined resonance
this can be replaced by [25]
B(M) ≈ 4 M
2ΓR
(M2 −M2R)2 +M2Γ2R
, (3)
where ΓR is th ewidth of the resonance and MR is its mass. Finally, for a
narrow resonance this can be approximated by:
B(M) ≈ 4piMδ(M2 −M2R). (4)
The particle yields are modified by an integral over the function B(M) as
follows:
N int(T,MR) =
∫ ∞
mth
dM
2pi
B(M)N0(T,M) (5)
where N0 is the particle density given by the ideal gas formula.
An analysis using the available phase shifts has been performed in [22,
25,26]
3. Strangeness Canonical Ensemble
It was pointed out by Hagedorn [27] some fifty years ago that thermal
models overestimate the yield of strange particles when the grand canonical
ensemble is used. The reason for this is that when the number of particles
as well as the interaction volume are small one has to take into account
that strange particles must be balanced by anti-strange particles. Thus, the
abundance will not be proportional to the standard Boltzmann factor given
by:
NK+ ≈ exp
(
−mK+
T
)
(6)
but instead by:
NK+ ≈ exp
(
−mK+
T
)
[
gK¯V
∫
d3p
(2pi)3
exp
(
−EK¯
T
)
+ gΛV
∫
d3p
(2pi)3
exp
(
−EΛ
T
+
µB
T
)
+ ...
]
(7)
This brings in another exponential factor and introduces a new volume
dependence which we will refer to as canonical volume dependence.
The inclusion of constraints in this framework has been considered at a
ver early stage, see e.g. [28], the partition function is modified by including
a δ function to enforce strangeness to be exactly zero:
ZS=0 = Tr
(
e−(E−µ)/TδS,0
)
. (8)
This leads to replacing the standard expression, e.g. for kaons
NK = V e
µ
T
∫
d3p
(2pi)3
e−
E
T (9)
by the following
NK = V S
∫
d3p
(2pi)3
e−
E
T (10)
where
S =
I1(x)
I0(x)
S1√
S1S−1
, (11)
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Fig. 1. Ratio of Bessel functions relevant for determining canonical corrections to
particle multiplicities.
and x ≡ 2√S1S−1 and S1 = ZK¯ + ZΛ + ....
For µB = 0, as is relevant at LHC energies, one replaces the standard
expression
NK = V
∫
d3p
(2pi)3
e−
E
T , (12)
with
NK = V
I1(x)
I0(x)
∫
d3p
(2pi)3
e−
E
T (13)
and x ≡ ZK¯ + ZΛ + .... For small values of x this leads to the correction
factors given in Eq. (7).
The ratio of Bessel functions is shown in Fig. 3, as can be seen, it starts
from zero and rapidly approaches one for large values of the argument of
the Bessel functions. Thus corrections due to exact strangeness conservation
quickly disappear for large vlaues of the argument x or, for large values of
S1 defined above.
The analysis for each multiplicity bin, for p-p, p-Pb and Pb-Pb has been
done using the latest version of THERMUS [29] 1.
As can be seen in Fig. 3 the fireball volume can be determined very
accurately but the canonical volume cannot, especially not for large multi-
plicities where it is consistent with being equal to the fireball volume. For
low multiplicities there is a clear difference.
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Fig. 2. Volume determined, using the HRG, from the ALICE collaboration [2] for
pp collisons at 7 TeV.
The behavior of the particle ratios as a function of multiplicity seen in
Fig. 3 follows the quantitative behavior predicted in [30,31].
1 B. Hippolyte and Y. Schutz, https://github.com/thermus-project/THERMUS
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Fig. 3. Ratios of yields of strange particles to pions versus charged particle multi-
plicity.
4. Conclusions
Our results show some interesting new features:
• The inclusion of interactions via phase shift data improves the fits of
the HRG model.
• The strangeness increase can be described by imposing exact strangeness
conservation for low multiplicities, the use of two volumes improves
the fits especially for small charged multiplicities.
In a future publication we intend to address the question of baryon conser-
vation and its consequences.
REFERENCES
[1] J. Cleymans, P. M. Lo, K. Redlich, N. Sharma, e-Print 2009.04844[hep-ph]
[2] J. Adam et al. , ALICE collaboration, Nature 13 535 (2017)
[3] A. Andronic, P. Braun-Munzinger, K. Redlich, J. Stachel. Nature 561 321
(2018)
[4] A. Andronic, P. Braun-Munzinger, B. Friman, Pok Man Lo, K. Redlich, Jo-
hanna Stachel. Phys. Lett. B, 792 304 (2019)
[5] M. Tanabashi et al. Review of Particle Physics. Phys. Rev. D 98 030001 (2018)
[6] J. Cleymans and K. Redlich, Phys. Rev. C 60 054908 (1999)
[7] W. Broniowski and W. Florkowski. Phys. Rev. Lett. 87 272302 (2001) [
[8] S. V. Akkelin, P. Braun-Munzinger, Yu. M. Sinyukov. Nucl. Phys. A 710 439
(2002)
[9] J. D. Bjorken Phys. Rev. D 27 140 (1983)
[10] J. Noronha-Hostler and C. Greiner. Nucl. Phys. A 931 1108 (2014)
[11] M. Petran, J. Letessier, V. Petracek, J. Rafelski. Phys. Rev., C 88 034907
(2013)
[12] V. Begun, W. Florkowski, M. Rybczynski. Phys. Rev., C 90 014906 (2014)
[13] V. Begun, W. Florkowski, M. Rybczynski. Phys. Rev., C 90 054912 (2014)
[14] J. Steinheimer, J. Aichelin, M. Bleicher. Phys. Rev. Lett. 110 042501 (2013)
[15] F. Becattini, M. Bleicher, T. Kollegger, T. Schuster, J. Steinheimer, R. Stock.
Phys. Rev. Lett. 111 082302 (2013)
[16] F. Becattini, J. Steinheimer, R. Stock, M. Bleicher. Phys. Lett. B 764 241
(2017)
[17] S. Chatterjee, R. M. Godbole, S. Gupta. Phys. Lett., B 727:554–557, 2013.
[18] R. Bellwied, S. Borsanyi, Z. Fodor, S. D. Katz, C. Ratti. Phys. Rev. Lett. 111
202302 (2013)
[19] S. Chatterjee, A. K. Dash, B. Mohanty. J. Phys. G 44 105106 (2017)
[20] P. Alba, V. Vovchenko, M. I. Gorenstein, H. Stoecker. Nucl. Phys. A 974 22
(2018)
[21] V. Vovchenko, M. I. Gorenstein, H. Stoecker. Phys. Rev. C 98 034906 (2018)
[22] A. Dash, S. Samanta, B. Mohanty. Phys. Rev. C 99 044919 (2019)
[23] A. Dash, S. Samanta, B. Mohanty. Phys. Rev. C 97 055208 (2018)
[24] R. Dashen, S.-K. Ma, H. J. Bernstein. Phys. Rev. 187 345 (1969)
[25] B. Friman, P. M. Lo, M. Marczenko, K. Redlich, C. Sasaki. Phys. Rev. D 92
074003 (2015)
[26] Pok Man Lo, B. Friman, M. Marczenko, K. Redlich, C. Sasaki. Phys. Rev. C
96 015207 (2017)
[27] R. Hagedorn. Thermodynamics of strong interactions. CERN Yellow Reports:
Monographs, 1997.
[28] K. Redlich and L. Turko. Z. Phys. C 5 201 (1980)
[29] S. Wheaton, J. Cleymans, M. Hauer. Comput. Phys. Commun. 180 84 (2009)
[30] S. Hamieh, K. Redlich, A. Tounsi. Phys. Lett. B 486 61 (2000)
[31] K. Redlich and A. Tounsi. Eur. Phys. J. C 24 589 (2002)
